We investigate the propagation characteristics of electrostatic dust-acoustic (DA) solitary waves and shocks in a strongly coupled dusty plasma consisting of intertialess electrons and ions, and strongly coupled inertial charged dust particles. A generalized viscoelastic hydrodynamic model with the effects of electrostatic dust pressure associated with the strong coupling of dust particles, and a quantum hydrodynamic model with the effects of quantum forces associated with the Bohm potential and the exchange-correlation potential for electrons and ions are considered. Both the linear and weakly nonlinear theory of DA waves are studied by the derivation and analysis of dispersion relations as well as Korteweg-de Vries (KdV) and KdV-Burgers (KdVB)-like equations. It is shown that in the kinetic regime (ωτm 1, where ω is the wave frequency and τm is the viscoelastic relaxtation time), the amplitude of the DA solitary waves decays slowly with time with the effect of a small amount of dust viscosity. However, the DA shock-like perturbations can be excited in the hydrodynamic regime with ωτm 1. The analytical and numerical solutions of the KdV and KdVB equations are also presented and analyzed with the system parameters.
I. INTRODUCTION
Dusty plasmas, which usually consist of electrons, ions, and extremely massive (typically 10 9 − 10 12 times the mass of protons), highly charged (10 2 −10 4 times the elementary charge) nanometer to millimeter-sized dust particles, has been an increasingly important area of research in planetary ring systems (e.g., the spokes in Saturns rings), Earth's atmosphere (e.g., the regions of mesosphere and ionosphere), astrophysics (e.g., interstellar media, molecular dusty clouds, star forming clouds, and supernovae such as the Eagle Nebula), semiconductor manufacturing, as well as in a variety of low-temperature laboratory devices and tokamak edges [1] [2] [3] [4] . The presence of massive, charged dust particles may bring about new collective modes such as dust-acoustic (DA) or dustion acoustic (DIA) waves depending on whether the dust particles are mobile or stationary. Since Rao et al. [5] first predicted the existence of DA waves, and their experimental observation by Barkan et al. [6] in dusty plasmas, the linear and nonlinear properties of such low-frequency waves have been extensively studied during the past few years (See, e.g., Refs. [7, 8] ). In DA waves, while the restoring force comes from the pressures of the inertialess electrons and ions, the dust particles provide the inertia. In addition to DA waves, there may also be associated coherent nonlinear structures such as DA solitary waves, which arise due to a delicate balance between the nonlinear and dispersive effects, or shocks due to a dominant role of dissipation in the system. The evolution of such DA solitary waves and shocks can be described by * ylwang@ustb.edu.cn † apmisra@visva-bharati.ac.in, apmisra@gmail.com a Korteweg-de Vries (KdV) equation and a Korteweg-de Vries Burgers (KdVB) equation respectively.
When a plasma is cooled to a relatively lowtemperature or its number density is relatively high, the thermal de Broglie wavelength of the charged particles becomes comparable to the dimension of the system or the distance between the charged particles. Accordingly, the quantum effects, such as the quantum diffraction (tunneling) associated with the Bohm potential and the exchange-correlation of electrons and ions should be considered in the description of dusty plasmas. We mention that in the description of equations of motion, the electron-electron and ion-ion interactions can be separated into a Hartree term due to electrostatic potential and an exchange correlation term which can be described as a functional of the particle number density [9, 10] . In the past, a quantum hydrodynamic (QHD) model for dusty plasmas was used to investigate the linear DA waves, and it was shown that the quantum effects significantly modify the dispersion properties of the modes [11] . The quantum effects have also been shown to greatly influence the nonlinear structures like solitons [12] [13] [14] [15] , double layers [16] , as well as and modulational instability [17] of nonlinear DA waves. Since dust particles are much heavier than the electrons and ions, the quantum effects for them are usually less important than those of electrons and ions. Accordingly, many authors have considered the quantum diffraction effects for inertialess electrons and ions, while the dusty grains were treated as classical as described by a fluid equation [18] [19] [20] [21] or to form only as a static background [22] [23] [24] .
It is well known that the low-frequency DA waves in strongly coupled dusty plasmas is quite different from that in weakly coupled systems [25, 26, 29] . A dusty plasma can enter the strongly (weakly) coupled regime when the Coulomb coupling parameter Γ d = Z 2 d e 2 /k B T d r d0 ≡ Γe κ , defined as the ratio of the interaction potential energy to the dust kinetic energy, is larger (smaller) than unity. Here, e is the elementary charge, and Z d , T d and r d0 = (3/4πn d0 ) 1/3 are, respectively, the charge number, temperature and Wigner-Seitz radius (mean interparticle distance) of the dust particles. Also, κ = r d0 /λ Dd is a measure of the screening of the dust charge by the plasma over a distance of the dust Debye length λ Dd = k B T d /4πn d0 Z 2 d e 2 . It follows that the high charge number and low-temperatures of dust particles may lead to the strong coupling regime, i.e, Γ d > 1. However, when Γ d 1, crystallization can occur, and so dusty plasmas may be important for phase transitions, which is an another active topic of research. Such strongly coupled dusty plasmas are ubiquitous in compact astrophysical objects (e.g., the interior of white dwarfs, neutron stars), giant planetary interiors (e.g., Jupiter), and in a laboratory (e.g., ultracold plasmas by laser compression of matter), as well as nonideal plasmas for industrial applications. In strongly coupled dusty plasmas, viscosity often plays an important role on the wave modes as well as on the nonlinear structures, such solitons and shocks [30, 31] . For example, we will show that in the kinetic regime (ωτ m 1, where ω is the wave frequency and τ m is the viscoelastic relaxation time) while it may reduce the solitary wave amplitude, the other hydrodynamic regime (ωτ m 1) can give rise to the generation of shock-like perturbations.
Recent theoretical developments have indicated that strong correlations of charged dusts significantly modify the dispersion properties of collective plasma modes as well as the characteristics of nonlinear structures such solitons and shocks [30, 31] . In fact, a number of works can be found in the literature dealing with linear and nonlinear properties of electrostatic waves in strongly coupled dusty plasmas. To mention, a theoretical investigation on the linear and nonlinear properties of ion-acoustic waves was made by Ghosh et al. [32] in a strongly coupled quantum plasma taking into account the effects of quantum statistical pressure as well as the quantum recoil effects of the degenerate electrons and the strong correlation effects of classic ions. They considered the hydrodynamic regimes to study the DA shock waves due to the effects of viscous damping. Ourabah et al. [33] studied the effects of exchange-correlation on the nonlinear quantum ion-acoustic solitary waves. Furthermore, Cousens et al. [31] investigated the nonlinear propagation of DA shocks in a strongly coupled dusty plasma. In other works, the evolution of wave envelopes associated with the modulational instability in the kinetic regime was investigated in strongly coupled plasmas with relativistically degenerate electrons [34] . On the other hand, the stimulated Raman scattering and Brillouin scattering instabilities of coherent circularly polarized electromagnetic waves were also studied in strongly coupled quantum plasmas with degenerate electrons and strongly correlated ions [35] .
Our aim in this work is to investigate the linear and nonlinear properties of DA solitary waves and shocks in a strongly coupled dusty plasma. We account for strong coupling between the dust grains by using a generalized viscoelastic hydrodynamic model presented by Gozadinos et al. [36] , along with the dust pressure as prescribed by Yaroshenko et al. [37] . We use a QHD model with the effects of quantum Bohm potential as well as the exchangecorrelation potentials for both electrons and ions. We show that in the hydrodynamic regime (ωτ m 1), the evolution of DA waves can be described by a KdVB equation exhibiting viscous dissipation with a shocklike structure [38] . In the kinetic regime (ωτ m 1), the DA solitary waves can be excited in a strong-coupling regime, which can be described by Korteweg-de Vries (KdV) equation [38] or modified KdV equation [39] with a damping term due to dust viscosity. The latter is shown to reduce the wave amplitude with time. The effects of strong coupling of dust particles together with the effective electrostatic pressure as well as the quantum diffraction and the exchange correlations of electrons and ions are studied on the profiles of the DA waves.
II. PLASMA MODEL A. Basic equations
We consider the nonlinear propagation of lowfrequency (kV T d < ω < kV T e,i , ω pd ) electrostatic waves in an unmagnetized dusty plasma consisting of inertial strongly coupled classical dusts and inertialess quantum electrons and ions with weak interparticle interactions. We assume that the dust particles each have constant mass and size, and a fixed charge number Z d . The latter, in general, varies, and can introduce a new lowfrequency wave eigen mode as well as a dissipative effect (wave damping) into the system. However, we neglect such effect on the assumption that the typical DA time scale is much larger than the dust grain charging time (or charging rate of dust grains is very high compared to the dust plasma oscillation frequency). The collisions of all particles are also neglected in the considered interval of time. We also assume that the ratio of electric charge to mass of dust grains remains much smaller than those of both electrons and ions. Furthermore, the size of dust grains is assumed to be small compared to the average interparticle distance. Since the electrons and ions are much lighter than the dust particles, they are assumed to be governed by QHD equations with the quantum forces associated with the Bohm potential as well as the exchange-correlation potential. The latter is based on the local-density approximation in which the number density is restricted to be less than a critical value [40] . Thus, the dynamics of electrons and ions can be described by the following QHD equations [41, 42] 
where φ is the electrostatic scalar potential, q j is the charge (with q e = −e and q i = e), n j is the number density (with its equilibrium value n j0 ) of j-species particles (j = e for electrons and j = i for singly charged ions). The typical forces on the right-hand side of Eq. (1) can be described as follows:
The first term is the electrostatic force caused by the separation of charges (in absence of any externally applied electric field) in the plasma, and is expressed as a gradient of φ.
The second term represents the exchange-correlation force, which appears due to electron-electron and ionion interactions, and is given for j-th species particles as [9, 10, 43] 
where a Bj = 2 /m j e 2 is the Bohr radius. 
where δn j ≡ n j /n j0 − 1 1 and the coefficients are .
The third term describes the quantum force associated with the Bohm potential, which appears due to the electrons or ion tunnelling effects through a potential barrier [42] . This is given by F qj = ∂V Bj /∂x, where
and the fourth or last term is the pressure gradient force for thermal motion of electrons and ions. We note that V xcj is approximated with the number density satisfying n j0 n c ≡ 1.087 × 10 21 cm −3 , and in this regime electrons and ions may not be degenerate. However, other quantum effects, such as tunelling and exchange-correlation effects may no longer be negligible. Typically, for astrophysical plasmas, degeneracy of particles of species j may occur at n j0 10 27 cm −3 and T j 10 7 K, whereas in metals, particles are degenerate at n j0 ∼ 10 23 cm −3 and T j 10 5 K. Thus, we consider the pressures of electrons and ions P j as given by the following polytropic equation of state
where P j0 = n j0 k B T j and γ a = 3 for one-dimensional propagation of waves.
On the other hand, the dynamics of strongly coupled dust particles can be described by a generalized hydrodynamic (GH) model, which reads [26] 
whereη = ζ + 4η/3 is the coefficient of the effective dust viscosity in which η and ζ are, respectively, the shear and bulk viscosities, γ d is the dust adiabatic index and u(Γ d ) is a measure of the excess internal dust energy. The expression for u(Γ d ) can be given for κ → 0 as [27, 28, 34] 
We note that the relaxation time τ m in Eq. (9) represents two characteristic time scales to describe two classes of wave modes with frequency ω, namely the hydrodynamic modes with ωτ m 1 and the modes with ωτ m 1, i.e., the kinetic modes. Furthermore, the compressibility parameter µ d appearing in Eq. (9) is given by [26] 
Since u(Γ d ) is negative for increasing values of Γ d , µ d can change its sign. It has been shown that for values of Γ d in 1 < Γ d < 10, this change of sign can cause the dispersion curve to turn over with the group velocity going to zero and then to negative values [26] . We further note that in Eq. (8), apart from the electrostatic force (gradient of φ) due to separation of charges, there are other two forces, namely the dust pressure (P d ) and the dissipative force (∝η) which maintain the equilibrium of dust particles. We consider the dust pressure to include the thermodynamic contribution as well as the pressure due to mutual electrostatic repulsion of like charged dust particles [34, 36, 37] , i.e.,
where
is the effective dust temperature in which T * appears due to electrostatic interactions between strongly coupled dusts, and is given by [36, 37] 
Here, N nn is determined by the dust structure and corresponds to the number of nearest neighbors (e.g., in the crystalline state, N nn = 12 for the fcc and hcp lattices, N nn = 8 for the bcc lattice). Although, the parameter µ d can be negative [cf. Eqs. (10) and (11)] for increasing values of Γ d , T * may be comparable or even dominate over
, and so the effective temperature T df (> 0) in the limit of κ → 0 is most likely due to the strong coupling of dust grains. The system of Eqs. (1), (7) and (8) is then closed by the Poisson equation
In equilibrium, the overall charge neutrality condition reads
So far we have described the basic equations (1), (7), (8) and (14) for plasmas with strongly coupled dusts and weakly coupled nondegenerate electrons and ions. However, there may be a situation in which electron or ion number density is very high, e.g., in astrophysical plasmas (such as those in the cores of white dwarf stars). In this case, not only the quantum mechanical effects (such as tunelling) are important, the effects of quantum statistical (Fermi-Dirac) pressure for degenerate species should be taken into account. However, we mention that since in the weakly nonlinear limit, the exchange-correlation potential can only be expressed as a power series for n j n c ≡ 1.087 × 10 21 cm −3 , the exchange-correlation effects of electrons and ions can be disregarded in degenerate dense plasmas where n j > 10 21 cm −3 may be satisfied. Thus, in the case of DA wave propagation in strongly coupled dusty plasmas with degenerate electrons and ions (Hereafter we call this case as degenerate case for brevity), the equation of state (6) may be replaced by the following equation for nonrelativistic degenerate electrons and ions [44] 
B. Normalization
We normalize the physical quantities as well as the space and time coordinates in terms of new variables as:
is the effective Debye length and ω pd = V T /λ D is the dust plasma oscillation frequency. Thus, Eqs. (1), (7), (8) and (14) can be recast in the following nondimensional forms:
where the symbol ± in Eq. (17) stand, respectively, for electrons and ions,
In the degenerate case, the momentum balance equations given by Eq. (17) are to be replaced by the following normalized equations
2 n j 2/3 /2m j denoting the Fermi energy density for j-th species particles. All other expressions/ equations will remain the same as above.
C. Parameter regimes
We note that the degeneracy parameter for a particle of species j is given by
is the thermal de Broglie wavelength, E F j = k B T F j is the Fermi energy. Thus, depending on the thermal energy k B T j , particles are said to be nondegenerate or degenerate if χ j ≶ 1 and the number density n j0 remains below or above the quantum concentration
Typically, for astrophysical dense plasmas with n j0 10 27 cm −3 , the degeneracy condition, i.e., χ j > 1 is satisfied for T j 10 7 K, whereas in metals, particles are degenerate at n j0 ∼ 10 23 cm
and T j 10 5 K. Thus, particles with lower densities, i.e, n j0 10 21 cm −3 and temperature T j 10 5 K are truly nondegenerate.
When the particles are degenerate, their weak or strong interparticle interactions is given by the quantum coupling parameter Γ qj = 4πe 2 n
j0 , the parameter Γ qj decreases below one with increasing values of n j0 ( 10 27 cm −3 ). Thus, in dense plasmas, degenerate electrons and ions become even more ideal with thermal compression than charged dust particles. On the other hand, the criterion of ideality/nonideality for nondegenerate particles of species j is given by Γ j = Z 2 j e 2 /k B T j r j0 . Since electrons and ions are considered as ideal (weakly coupled) and charged dust particles as nonideal (strongly coupled) we must have Γ e,i < 1 and Γ d > 1 for strongly coupled dusty nondegenerate plasmas, and Γ q(e,i) < 1 and Γ d > 1 for strongly coupled dusty plasmas with degenerate electrons and ions.
It has been found that [32, 34, 45, 46 ] the viscosity coefficient C vis ≡ηω pd /n d0 k B T d (after τ m being normalized by ω 1 is satisfied. In the range of 1 < Γ d < 10, τ m /ω pd is typically of the order of unity, and so the kinetic condition may no longer be valid, and we can have only the hydrodynamic modes with ωτ m 1. Furthermore, in the weakly nonlinear expansion of the exchange-correlation potential for nondegenerate electrons and ions, it has been assumed that n j0 1.087 × 10 21 cm −3 . Also, in the degenerate case (i.e., strongly coupled dusty plasmas with weakly relativistic degenerate electrons and ions) the particle density may vary in the regime n j0
1.087 × 10 26 cm −3 and temperature T j 10 5 K. Thus, we can classify three separate parameter regimes as three cases for the kinetic and hydrodynamic modes as follows:
Case I:
1. This represents the propagation of kinetic wave modes in a plasma composed of weakly coupled nondegenerate quantum electrons and ions (with the effects of Bohm potential and exchange-correlation potential), and strongly coupled charged dust particles. In this case, the ranges of values of the number density, thermodynamic temperature etc. are n e0
and ωτ m 1. That is, hydrodynamic wave modes may exist in a plasma composed of weakly coupled nondegenerate quantum electrons and ions (with the effects of Bohm potential and exchange-correlation potential), and strongly coupled dust particles. The parameter regimes are n e0 ∼ 10
The degenerate case in which χ j > 1 for j = e, i, χ d < 1, Γ q(e,i) < 1, Γ d 1 and ωτ m 1. This represents the existence of kinetic wave modes in a plasma composed of weakly coupled and degenerate (weakly relativistic) quantum electrons and ions (with the effects of Bohm potential and no exchange-correlation potential), and strongly coupled dust particles. The parameter regimes are n j0
III. LINEAR DISPERSION LAW
We derive a general linear dispersion relation for strongly coupled nondegenerate plasmas from the normalized system of equations (17)- (20) to identify different collective modes. We split up the physical quantities into their unperturbed and perturbed (with subscript 1) parts as
, and Φ = Φ 1 , where all the perturbations are assumed to be much lower than unity and vary as plane waves ∼ exp(ikx − iωt), with ω and k denoting, respectively, the wave frequency and the wave number of perturbations. Thus, we obtain the following dispersion relation
where the parameters κ j (j = e, i for electrons and ions) are given by
in which σ j is the contribution from dust thermal temperature,
is from the exchangecorrelation potential, and H j is due to the quantum Bohm potentials of electrons and ions. We find that the dispersion relation (22) for lowfrequency DA waves is greatly modified by the quantum diffraction effects (∝ H j ), the exchange-correlation effects (∝ C j1 ) and the dust fluid viscosity (∝ τ m or η ) associated with the strong coupling of the dust particles. As mentioned before, the memory function τ m (proportional to the dust fluid viscosity) defines two characteristic time scales to distinguish between two classes of wave modes, namely, "hydrodynamic modes" (ωτ m 1) and "kinetic modes" (ωτ m 1). While in the low-frequency limit, the memory function τ m stands for the ordinary dissipative term in hydrodynamic regime, the relatively high-frequency limit gives rise the viscosity to act as a source of damping to the DA waves.
In the hydrodynamic regime (ωτ m 1), the dispersion relation (22) reduces to
where K = k 2 +µ/κ e +(1+µ)/κ i . Assuming that the wave frequency has real and imaginary parts, i.e., ω = ω r + iω i and the wave number k is real, and separating the real and imaginary parts, we obtain from Eq. (24) as
It follows that the low-frequency DA waves suffers a viscous damping in the hydrodynamic regime, which was also observed in strongly coupled dusty plasmas with Boltzmann distributed electrons and ions [26] . In the long-wavelength limit, the phase velocity of the DA wave (obtained from the real part of ω) assumes a constant value, i.e., the wave becomes dispersionless. From Eq. (25) we also find that the DA wave frequency increases with increasing values of k. However, the wave has cutoff frequencies at k = 0 and k = k c (> 0) which satisfies K + 1/(1 − η * 2 /4) = 0. Clearly, this zero-frequency mode occurs due to the effect of dust viscosity in the plasma. We note that the values of the parameters H j and C j , which are due to quantum diffraction and exchange-correlation effects, increase with increasing values of the number density n j0 . As H j increases, the values of K get enhanced and so is ω r . Furthermore, as the contribution from C j increases but still smaller than that from σ j , the parameter D j1 decreases (or K increases), resulting into a decrement of ω. The upper panel of Fig. 1 exhibits a plot of ω r with respect to k. It is found that as the coupling parameter Γ d increases with increasing values of Z d (i.e., reducing the magnitudes of H j and terms ∝ C j ), the wave frequency increases with a cut-off at lower wave number (see the solid and dashed lines). However, a small enhancement of the ion number density, keeping all others unchanged, leads to a significant increase of ω r with cut-off at higher k (See the dotted line). Here, though the parameters Γ d and H j are slightly increased, the contributions from exchangecorrelation (C j ) remain lower (compared to those for the solid curve).
On the other hand, for relatively high-frequency electrostatic waves, we obtain the following dispersion relation for the kinetic wave modes (ωτ m 1) as
Clearly, the viscosity is no longer a dissipative effect, however, it modifies the dispersion curve via the parameters T * , T d and Γ d . In Eq. (27) , though the term ∝ T d may be negative for typical plasma parameters as in Cases I-III, the term ∝ T * is always larger than the other terms, and hence ω is always real for all k [34] . However, in absence of T * , there must exist a critical wave number above which the kinetic wave modes do not exist. Furthermore, Eq. (27) shows that the phase speed of the wave remains greater than the effective dust thermal speed and assumes a constant value in the longwavelength limit k → 0. Again, since the term in the square root is typically 1 for Γ d 1, the low-frequency (< ω pd ) waves exist for k < 1. Typical behaviors of the kinetic mode is shown in the lower panel of Fig. 1 . It is seen that the wave frequency decreases with increasing values of the electron number density (and so of Γ d , H j and terms ∝ C j ).
The dotted line (which has the same qualitative behaviors as the solid or dashed lines) in the lower panel of Fig. 1 represents the kinetic mode that may be excited in strongly coupled degenerate dense plasmas (without the exchange-correlation effects) in the regime as in Case III with the following dispersion relation (for k 1)
Note that the hydrodynamic modes do not exist for strongly coupled degenerate dense plasmas.
IV. NONLINEAR EVOLUTION OF DA WAVES
We consider the propagation of slowly varying, weakly nonlinear and weakly dispersive DA solitary waves in strongly coupled dusty plasmas. In the previous section, we have seen that both the hydrodynamic and kinetic wave modes become dispersionless (with constant phase velocity) in the long-wavelength limit (i.e., the length much larger than the effective Debye length which ensures the collective behaviors of the plasma not to disappear). This implies that in a frame moving with the phase velocity, say V p , the time derivatives of all physical quantities should vanish. So, for a finite with 0 < 1, we can expect slow variations of the wave amplitude in the moving frame of reference. Thus, we introduce the stretched coordinates as ξ = 1/2 (X − V p T ), τ = 3/2 T , where V p , normalized by the effective dust thermal speed V T , will be shown later as equal to the expressions for the phase velocities (in the limit of k → 0) in both hydrodynamic and kinetic regimes from Eqs. (24), (27) and (28) . The dependent variables, namely N d , V d and Φ are expanded in powers of as
where f in the following two subsections corresponding to Cases I and II, i.e., for kinetic and hydrodynamic modes in the propagation of DA solitary waves and shocks in strongly coupled dusty plasmas. Case III will be discussed along with Case II.
A. Solitary waves in the kinetic regime ωτm 1
We consider the propagation of kinetic wave modes with ωτ m 1 and the parameters that are discussed in Case I of the previous section. In the lowest order of , we obtain from Eqs. (17)- (20) the following first-order quantities
(for j = e, i, d) from Eqs. (30) and (31) into Eq. (32), we obtain, for any nonzero perturbation, the following dispersion relation for the DA speed
Note that this V p has the same expression as ω/k of the dispersion relation (27) in the limit of k → 0.
In the next higher-order of , we obtain, for the secondorder quantities N (2) j , j = e, i, d and V (2) d , the following equations:
where ζ j = ±1 for electrons (j = e) and ions (j = i),
and
from Eqs. (34)- (37), we obtain the following modified KdV (mKdV) equation as
where the coefficients of nonlinearity, dispersion and damping, i.e., A, B and γ are
Equation (38) is the required KdV equation, which describes the weakly nonlinear and weakly dispersive DA waves in a strongly coupled quantum dusty plasma with the effects of quantum diffraction associated with the Bohm potential, the exchange-correlation of electrons and ions as well as the damping due to dust viscosity. If we set η * = 0, i.e., if we neglect the the dust viscosity effect, the coefficient γ vanishes, and Eq. (38) reduces to the usual KdV equation
In what follows, we examine the range of values of the plasma parameters as in Case I for which the KdV equation (without the damping effect) is applicable to DA waves, and also see the competition between the nonlinear and damping terms in determining whether or not an initial wave steepens. Inspecting on the coefficients A, B and γ, we find that for typical plasma parameters as in Case I, A > γ B. For example, for n e0 = 10 We mention that an exact analytic solution of Eq. (38) is much complicated, however, we can seek for an approximate time-dependent soliton solution of Eq. (38) with a small effect of γ, i.e., when A ∼ B γ. To this end, we rewrite Eq. (38) after integrating with respect to ξ as (40) can be obtained as
where Ψ = 3U 0 /A is the amplitude, W = (12B/ΨA) 1/2 ≡ 4B/U 0 is the width and U 0 = ΨA/3 is the constant phase speed (normalized by V T ) of the solitary wave. Figure 2 Next, to find the solitary wave solution of Eq. (41) with the effect of a small amount of γ, we first integrate Eq. (41) with respect to ξ to obtain
This shows that Eq. (41) conserves the total number of particles. Furthermore, multiplying Eq. (41) by ϕ and integrating over ξ yields
in which the equality sign holds only when ϕ = 0 for all ξ. Equation (44) states that an initial perturbation of the form (42) for which
will decay to zero. Thus, the wave amplitude Ψ is not a constant, but decreases slowly with time. Next, we perform a perturbation analysis of Eq. (41) assuming that γ ( ) is a small parameter with 1 ∼ A ∼ B γ (in magnitudes). In the previous discussion [after Eq. (40)] we have seen that this condition may be satisfied for plasma parameters corresponding to Case I. So, we introduce a new space coordinate z in a frame moving with the solitary wave and normalized to its width as
where Ψ is assumed to vary slowly with time and Ψ = Ψ(γ, τ ). We also assume that ϕ ≡ ϕ(z, τ ). Following Refs. [47, 48] , and generalizing the multiple time scale analysis with respect to γ, we obtain, after few steps, the following soliton solution of Eq. (41) with the effect of dust viscosity
where ϕ = Ψ 0 (1 + τ /τ 0 ) −2/3 , Ψ = Ψ 0 at τ = 0 and τ 0 is given by
This shows that the amplitude of the DA solitary waves decreases slowly with time with the effect of a small amount of the dust viscosity (γ). From Eq. (48), it is also seen that as the wave amplitude decreases, the propagation speed also slows down in widening the pulse width.
We numerically investigate the properties of the wave amplitude ϕ of the solution (48) for different plasma parameters as in Case I such that A B γ holds. The results are shown in Fig. 2(b) . We find that the wave amplitude slows down with time. A small increase of the amplitude with the effects of exchange-correlation is seen to occur. Furthermore, an increase in the electron number density, which increases the quantum effects and hence the dispersive coefficient A and Γ d , leads to a significant decrease of the wave amplitude.
On the other hand, the evolution equation for the propagation of DA solitary waves in strongly coupled degenerate dense plasmas without the exchange-correlation effects of electrons and ions (Case III) can be obtained as
where the corresponding coefficients of nonlinearity, dispersion and damping, i.e., A, B and γ are
The properties of the solitary waves and wave amplitude with the effects of viscous dissipation are shown in Fig.  3 . We find that the properties of the solitary waves in degenerate dense plasmas remain similar to those in nondegenerate plasmas [ Fig. 2 ]. However, a reduction in the electron concentration (hence an increase in both |A| and γ, and decrease in B, Γ d , H e and H i ) leads to a decrease (in magnitude) in both the amplitude and width of the DA wave. It is also found that in relatively dense plasmas, the amplitude of the DA soliton takes longer time to vanish by the effects of dust viscosity.
B. Shock-like waves in the hydrodynamic regime ωτm 1
We study the nonlinear propagation of DA waves in strongly coupled nondegenerate quantum plasmas in the hydrodynamic regime τ m = ω pd τ m 1. For this study, we note that the dissipative effect associated with the dust viscosity will play an important role in the formation of DA shock-like waves. We also assume that this dissipative effect is small for which η * ∼ o(ε 1/2 ). We repeat here that the hydrodynamic modes are not so relevant for the parameters in strongly coupled dense plasmas with degenerate electrons and ions, and we skip the relevant details here. Following the same procedure as in the previous subsection for the nonlinear kinetic waves, we obtain the same set of equations in the lowest and next lowest orders of from Eqs. (17), (18) , and (20) except Eq. (19) . From the latter, on equating the coefficients of the lowest and next lowest order of ε, one obtains the following two equations
Finally, eliminating the second-order quantities, namely N (2)
d , and Φ (2) from Eqs. (34), (35), (37) and (52), we obtain the KdV-Burgers (KdVB) equation as where
with D = 2 + 3/D and the phase velocity of the DA shock waves is given as
which has the same expression as ω r /k obtained from the dispersion relation [Eq. (25) ] of the hydrodynamic mode in the limit k → 0. We note that the dispersion coefficient B remains the same, while the nonlinear and the damping terms get modified. The KdV-Burgers equation (53) has a shock wave solution of the form [49, 50] 
with the parameter
where C 1 and C 2 are arbitrary constants. The profiles of this shock solution, which are monotonic in nature, are shown in Fig. 4 for different plasma parameters relevant for Case I. It is found that an increase in the dust charge number Z d , which, in turn, increases the coupling parameter Γ d and the nonlinear coefficient |A|, and decreases the coefficients of dispersion and dissipation, leads to an increase in the shock height (amplitude), but a reduction in the shock width. The shock exhibited are indeed monotonic in nature.
We also numerically investigate the travelling wave solution of the KdV-Burgers equation (53) . In a moving frame of reference ζ = ξ − u 0 τ , where u 0 is the constant velocity of the stationary shock waves, the KdVB equation (53) reduces to a third-order ordinary differential equation. This equation is then integrated once with respect to ζ subject to the boundary conditions
By introducing dΦ (1) /dζ = ψ, Eq. (58) can be rewritten as
In the Φ (1) , Ψ plane, Eq. (59) has two singular points, namely (0, 0) and (2u 0 /A, 0). While the former is a saddle point corresponding to the equilibrium downstream state, the nature of the latter (corresponding to the upstream state) can be determined from the asymptotic behaviors of the solution of the form ∼ exp(βζ) of the linearized Eq. (59). This gives
Thus, the singular point is a stable node or stable focus according to when η * 2 + 16Bu 0 ≷ 0. While the stable node corresponds to monotonic shock front, the stable focus always corresponds to the oscillatory nature. We note that for the parameters relevant for Case I, B is mostly positive, and so the condition η * 2 + 16u 0 B > 0 holds good.
We numerically solve Eq. (59) by the standard 4th-order Runge-Kutta scheme with a step size ∆ζ = 0.001 considering the parameters in Case I. The results are shown in Fig. 5 in which only the monotonic nature of the profile is seen to occur. Plots (a) and (b) are for different electron number densities, whereas plots (c) and (d) are for the same parameters as in left and right panels of Fig. 4 .
The time developments of the shock profiles, given by Eq. (58), are also shown in Fig. 6 for different shock strengths [Subplots 6(a) to 6(c)] as well as for different plasma environments with lower particle number density and low dust temperature [Subplot 6(d)]. From Figs. 6(a) to 6(c), it is found that the shock width increases with time for increasing values of the viscosity coefficient η * . However, from Fig. 6 (d) the shock is found to be stable. 
V. SUMMARY AND CONCLUSION
To summarize, we have investigated the propagation characteristics of dust-acoustic solitary waves and shocks in a strongly coupled dusty quantum plasma. A generalized viscoelastic model with the effects of electrostatic dust pressure due to strong coupling of dust particles as prescribed by Gozadinos et al. [36] , as well as a quantum hydrodynamic model with the effects of quantum force associated with the Bohm potential and the quantum exchange-correlation of both electrons and ions are considered. In the linear theory, a general dispersion relation is derived from which we have obtained two classes of modes, namely kinetic (ωτ m 1) and hydrodynamic (ωτ m 1). In the nonlinear regime these modes are shown to propagate as soliatry and shock waves respectively. However, the amplitude of these solitary waves is seen to decay slowly with time by the effect of small amount of dust viscosity. The results can be summarized as follows:
Linear dust-acoustic waves: (i) Propagation of low-frequency (ω < ω pd ) dustacoustic waves in strongly coupled dusty plasmas is possible both in the hydrodynamic (ωτ m 1) and kinetic (ωτ m 1) regimes. (ii) In the hydrodynamic regime, strong coupling of dust particles (Γ d ) together with weak effects from the Bohm potential (H j ) and the exchange-correlation (∝ C j ) by an increase in the dust charge number (Z d ) reduces the real part (ω r ) of the wave frequency having It is found that shock may be stable in a regime with relatively lower particle number density and low dust temperature.
cut-offs at lower wave numbers. The value of ω r increases for wave numbers less than its critical value, i.e., k < k cr . For k > k cr , ω r decreases to zero. These zero-frequency modes appear due to the imaginary term in the dispersion relation by the effects of dust viscosity, and thus may also occur in other dissipation mechanism such as dust-neutral collisions [50] . A significant increase in ω r by a small enhancement of ion concentration, and hence with higher values of Γ d , H e and H i , but lower values of C j is seen to occur with a cut-off at higher k.
(iii) In the kinetic regime, the viscosity is no longer a dissipative effect, however, it increases the wave frequency via the temperature T * and the strong coupling of dust particles (Γ d ).
(iv) In the weakly nonlinear limit, the exchangecorrelation potential is expressed as a function of the electron/ion number density satisfying n j0 10 21 cm −3 . In this parameter regime, the electrons and ions are assumed to be nondegenerate, and hence the quantum effects, such as tunelling and exchange-correlation do not greatly influence the linear wave modes. However, such a parameter restriction for the number density may be irrelevant in different plasma environments, e.g., in strongly coupled dusty quantum plasmas with degenerate (nonrelativistic) electrons and ions without any exchange correlation of them. In this situation, low-frequency dust-acoustic modes exist only in the kinetic regime, and quantum effects are to enhance the wave frequency with k.
Weakly nonlinear dust-acoustic solitary waves in the kinetic regime:
(a) Low-frequency dust-acoustic kinetic wave modes may propagate as solitary waves, however, with the effect of a small amount of the dust viscosity which slows down the wave amplitude with time. This viscosity can be comparable to or even dominate over the dispersion due to separation of charges and quantum tunneling effects, and hence can no longer be negligible in strongly coupled dusty degenerate or nondegenerate quantum plasmas. In the case of plasmas with nondegenerate electrons and ions (Case I), both the amplitude and width (in magnitude) of the solitary waves get enhanced by the effects of the exchange-correlation of the nondegenerate species. In this case, an increase in the ion number density, which increases the dust coupling parameter Γ d , the nonlinear coefficient A and the damping coefficient γ, but decreases the dispersion coefficient B, leads to a significant decrease (in magnitude) in both the amplitude and width of the soliton. The properties of the soliton remain almost similar in dense plasmas with degenerate species (Case III). In this case, an increase in the particle number density (hence increasing values of Γ d , H j and B, and decreasing values of A and γ) leads to an increase (in magnitude) in both the amplitude and width of the soliton.
(b) An approximate solition solution of the KdV equation (40) with the effect of damping is obtained by a perturbation approach following Refs. [47, 48] on the assumption that the coefficients of Eq. (40) satisfy 1 ∼ A B γ. This holds for relatively low-density plasmas. It is shown that the amplitude of the soliton gets reduced with time with a small effect of the dust viscosity. The qualitative behaviors of these solitons remain similar both for nondegenerate and degenerate plasmas. However, in the latter it is noticed that the higher the number density the longer is the time for the amplitude to assume its zero value.
Weakly nonlinear dust-acoustic shocks in the hydrodynamic regime:
(I) Low-frequency dust-acoustic hydrodynamic wave mode propagates as shocks in strongly coupled nondegenerate quantum plasmas in which particle number density is relatively lower than plasmas which support the existence of solitary (kinetic) waves. Both analytical and numerical (stationary) solutions of the KdB-Burgers equation are obtained, and are found in good agreement with the same set of parameters. The shock profile is found to be monotonic in nature in the regime 1 < Γ d < 10 and with |A| > B > η * /2. By increasing the coupling parameter Γ d as well as the nonlinearity |A|, and so decreasing the dispersion and dissipation effects, it is found that the shock height (or amplitude in magnitude) increases with a reduction of its width.
(II) Numerical solutions of the KdVB equation (53) reveal that the shock width decreases with time as the strength of dissipation increases. That is, the shock width is directly proportional to the dust viscosity coefficientη. This suggests that one can obtain more accurate values of the viscosity from the shock thickness together with the simulation results. It is also found that shock may be stable in a regime with relatively lower particle number density and dust temperature. To conclude, the theoretical results should be useful for the identification of dust-acoustic collective plasma modes and the formation of nonlinear structures like solitons and shocks in strongly coupled dusty quantum plasmas such as those in laboratory and space plasmas as well as in dense astrophysical environments where electrons and ions are degenerate or partially degenerate.
